Recent advances in rapidly quenched ultracold atomic Fermi gases near a Feshbach resonance arise a number of interesting problems, in the context of observing the long-sought Stoner ferromagnetic phase transition. The possibility of experimentally obtaining a "quasirepulsive" regime in the upper branch of the energy spectrum due to the rapid quench is currently debated and theoretically, the Stoner transition has mainly been investigated by using perturbation theory or at high polarization, due to the limited theoretical approaches in the strongly repulsive regime. In this Letter, we present a rigorous prescription for the quasirepulsive branch and prove it by resumming the two-particle virial contributions from the scattering continuum to all orders in the fugacity. By further adopting a nonperturbative large-N expansion approach, we determine a finite-temperature phase diagram for the Stoner instability of a quasirepulsive Fermi gas near resonance. Our results agree well with the known quantum Monte-Carlo simulations at zero temperature and recover the known virial expansion prediction at high temperature for arbitrary interaction strengths. At resonance, we find that the unitary Fermi gas undergoes the Stoner transition at about one and a half Fermi temperature, around which the pair formation rate becomes vanishingly small. This suggests a feasible way to observe Stoner ferromagnetism.
Recent advances in rapidly quenched ultracold atomic Fermi gases near a Feshbach resonance arise a number of interesting problems, in the context of observing the long-sought Stoner ferromagnetic phase transition. The possibility of experimentally obtaining a "quasirepulsive" regime in the upper branch of the energy spectrum due to the rapid quench is currently debated and theoretically, the Stoner transition has mainly been investigated by using perturbation theory or at high polarization, due to the limited theoretical approaches in the strongly repulsive regime. In this Letter, we present a rigorous prescription for the quasirepulsive branch and prove it by resumming the two-particle virial contributions from the scattering continuum to all orders in the fugacity. By further adopting a nonperturbative large-N expansion approach, we determine a finite-temperature phase diagram for the Stoner instability of a quasirepulsive Fermi gas near resonance. Our results agree well with the known quantum Monte-Carlo simulations at zero temperature and recover the known virial expansion prediction at high temperature for arbitrary interaction strengths. At resonance, we find that the unitary Fermi gas undergoes the Stoner transition at about one and a half Fermi temperature, around which the pair formation rate becomes vanishingly small. This suggests a feasible way to observe Stoner ferromagnetism. An ultracold atomic Fermi gas with tunable contact interactions provides a paradigm to simulate strongly correlated many-body systems, owing to its unprecedented controllability [1] . With strong attractions, it has given access to the crossover from Bardeen-CooperSchrieffer (BCS) superfluidity to Bose-Einstein condensation (BEC) of tightly bound fermionic pairs [2] ; while with strong repulsions, it may lead to the confirmation of a text-book result of ferromagnetic phase transition predicted nearly a century ago, the so-called Stoner ferromagnetism [3] . However, understanding the nature of this ferromagnetic transition is still an intriguing and controversial topic [4] . This is largely due to the fact that the experimental tunability of the repulsive interaction comes with a price of severe atom loss [5] . The regime of strong effective repulsion can only be reached by rapidly quenching an attractively interacting atomic Fermi gas to the meta-stable upper branch of its energy spectrum near a Feshbach resonance [6] . Initial experimental support of Stoner ferromagnetic transition was reported in a strongly interacting Fermi gas of 6 Li atoms [7] . But its existence in the same system was ruled out by more advanced spin-density fluctuation measurement [8] . Recent progress on repulsive polarons suggests that the Stoner transition may be observable by using a narrow Feshbach resonance [9] or at low-dimensions [10] . Triggered by these intriguing experimental observations, over the past few years, there have been considerable theoretical interests on Stoner ferromagnetism [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] .
Stoner's original idea of ferromagnetic transition is based on a simple first-order perturbation theory [3] , which at zero temperature predicts a smooth transition at k F a s = π/2 for a spin-population balanced system, where k F is the Fermi wavevector and a s is the s-wave scattering length. The application of the second order perturbation theory improves the threshold to k F a s ≃ 1.054 [11] , but the value is still too large to validate the perturbation theory. Recent zero-temperature quantum Monte Carlo simulations (QMC) [15, 20, 21] , a lowest order constraint variational calculation [22] as well as a non-perturbative ladder approximation calculation [23] , rather suggest a transition at k F a s ≃ 0.8 − 0.9. On the other hand, in the limit of large spin imbalance, where the system may behave like a weakly interacting gas of repulsive polarons, the ferromagnetic transition could be accurately determined [26] . Yet, a unified theoretical framework, which is valid at all temperatures and interaction strengths, is still to be developed. The purpose of this Letter is to present a simple yet reliable theory of Stoner ferromagnetism, by performing controlled calculations in a large-N expansion [27] [28] [29] . Our results may be used to better understand the occurrence of ferromagnetism in many strongly correlated solid-state systems, including superconductors, metals, and insulators.
One crucial component of our theory is an appropriate definition of the two-body phase shift for the quasirepulsive upper branch (Fig. 1) . In an earlier study, it was realized that a description of quasirepulsive interaction may be achieved by excluding the in-medium bound-state contribution from the density equation within a Nozières-Schmitt-Rink (NSR) approach [30] . However, this treatment predicts an equilibrium switch between the upper and the lower branches near the resonance at high temperature and results in a wide forbidden area in the low-temperature phase diagram. Alternative spectral representation of the approach that takes into account an additional frequency-independent two-body term still suffers from a sudden drop in the spin susceptibility near the Feshbach resonance [31] . Here, we show that the clarification of the quasirepulsive upper branch, together with the controllable large-N expansion, provides a reliable phase diagram at arbitrary temperatures and coupling strengths (Fig. 4) .
In this Letter, we focus on the Fermi gas with balanced spin populations. Our results are able to recover the predictions of the second-order perturbative theory at weak coupling [11] (Fig. 2) ; while at high temperature, they agree well with the virial expansion results [17, 18] (Fig. 3) . Remarkably, at low temperatures they have a good agreement with the latest QMC simulations [20, 21] . In the highly imbalanced limit, we would anticipate our theory may also recover the exact result for repulsive polarons due to reduced effective repulsions [4, 26] .
Large-N expansion theory. -We start by considering a three-dimensional spin-1/2 interacting Fermi gas with N fermionic flavors (i, j = 1, . . . , N ) for each spin degree of freedom σ =↑, ↓, described by an action (setting the volume V = 1 and
where ψ iσ (x, τ ) are Grassmann fields representing fermionic species of equal mass m and the imaginary time τ takes values from 0 to the inverse temperature β = 1/T . µ is the chemical potential and U 0 is the bare interaction strength to be renormalized in terms of the s-wave scattering length a s via the relation m/(4πa
The action possesses invariance under the symplectic group Sp(2N ) and in the case of N = 1 describes the usual spin-1/2 Fermi gas. The expansion to N fermionic favors is inspired by the fact that an exact solution may be obtained in the large-N limit [27, 28] . Thus, we have an artificial small parameter, 1/N , which allows different scattering processes or diagrammatic contributions organized into orders of 1/N . For an interacting Fermi gas in its (ground state) attractive channel, it is known that the controllable large-N expansion to the first nontrivial order accurately predicts the equation of state and the Tan contact of the unitary Fermi gas near the quantum critical region µ = 0 [29] . Therefore, we anticipate that the large-N expansion would also work efficiently for the excited quasirepulsive channel once it is appropriately defined.
By decoupling the interaction term in the action via a standard Hubbard-Stratonovich transformation and inte- The inset shows the corresponding in-medium phase shift for an attractive Fermi gas δatt(q = 0, ω), together with the real and imaginary parts of the negative inverse of the two-particle vertex function, −Γ −1 (q = 0, ω).
grating out the fermionic Grassmann fields, at the level of Gaussian fluctuations (i.e., the first nontrivial correction at the order of 1/N ), we obtain the pressure [32] [33] [34] [35] 
where ξ k = ε k − µ and Γ(q, iν l ) is the two-particle vertex function with bosonic Matsubara frequencies ν l = 2πlT (l = 0, ±1, ±2, · · · ),
includes (in-medium) Pauli blocking of pair fluctuations. By recalling that the vertex function is essentially the Green function of pairs, the pressure in Eq. (2) simply describes a noninteracting mixture of 2N fermionic species and the bosonic pairs [35] . It is easy to see that the 1/N expansion extrapolated to the limit of N = 1 is precisely the NSR theory. By converting the summation over Matsubara frequencies into an integral over real frequency and introducing an in-medium two-particle phase shift -34] , the contribution from the bosonic pairs can be rewritten as
According to standard scattering theory, the two-particle phase shift is associated with the density of state and increases by π when a two-body bound state emerges [32] . It should vanish precisely at ω = 0, as required by the integrability of Eq. (4). Phase shifts for different branches. -For the attractive ground state, the phase shift δ att (q, ω) is in general positive and the condition δ att (q, ω = 0) = 0 -the so-called Thouless criterion -is a sufficient criterion to determine the Cooper pairing instability and hence the superfluid transition temperature. In the inset of Fig. 1 , we show a typical phase shift for the attractive branch at 1/(k F a s ) = 2 with a chemical potential at Fermi energy, µ = ε F = k 2 F /(2m). With increasing frequency, the phase shift jumps from 0 to π at a critical value ω b (q), where the vertex function develops a pole. This simply signals the existence of a two-body bound state. With further increasing frequency above the scattering threshold ω s (q) = q 2 /(4m) − 2µ > ω b (q), the phase shift deviates from π as the imaginary part of −Γ −1 (q, ω) is no longer zero, indicating the scattering continuum. We note that in this case the Thouless criterion δ att (q, ω = 0) = 0 is clearly not satisfied. This is because we have used an unrealistic large chemical potential for the attractive ground state. In a realistic solution, the chemical potential will be necessarily pinned by the Thouless criterion to a value slightly larger than the half of the bound state energy −1/(ma 2 s ) [32] . For the quasirepulsive upper branch, we first notice that the two-body phase shift in vacuum is given by
Therefore, to define a qusirepulsive two-body system, the π-shift coming from the bound state should be subtracted. Inspired by the two-body picture, we find another repulsive solution for the phase shift, by considering a different branch cut for the argument of −Γ −1 (q, ω), which differs from δ att by a constant shift π from the scattering threshold:
We can prove this prescription for the quasirepulsive branch from the viewpoint of virial expansion [36] . In brief, it is known that the bosonic contribution ∆P contains all two-particle virial series to infinite order of the fugacity z = e βµ [37] . It can be expressed as
where P (2) n ∝ z n is the n-th twoparticle virial contribution. Since the two-body energy spectrum is known exactly, we can precisely separate P (2) n into its contributions from the bound state and from the scattering continuum. By resumming only the scattering contributions to all orders in z, we obtain precisely the prescription (5).
The resulting phase shift δ rep (q, ω) for the upper branch is shown in Fig. 1 . It varies smoothly as a function of frequency, vanishes identically at ω = 0 and has the correct negative (positive) sign at positive (negative) 
FIG. 2: (Color online)
The energy (a) and spin susceptibility (b) of a repulsively interacting Fermi gas as functions of the interaction parameter kF as at zero temperature, normalized by the zero-temperature non-interacting results E0 = (3/5)nεF and χ0 = 3n/(2εF ). For comparison, we also plot the predictions from the second-order perturbation theory (dashed line) and quantum Monte-Carlo simulations (symbols). The blue squares and red circles are the data for hard-sphere potential and square-well potential, respectively. The closed symbols are from Ref. [20] and the open symbols are from Ref. [21] . The dot-dashed horizontal line in (a) is the energy of a fully polarized Fermi gas E = 2 2/3 E0.
frequency [38] , consistent with a phase shift for repulsive interactions. Our prescription of the upper branch is similar but different from the excluded-molecular-pole approximation (EMPA) proposed earlier [30] . We can show that the the EMPA adopts a different phase shift [36] for the upper branch which leads to a sudden drop of the interaction energy near the resonance and hence an equilibrium switch between the upper and lower branches. With our prescription, one can reach the repulsive unitary limit. The violation of Tan's adiabatic theorem near the resonance, as predicted by the EMPA [30] , can be avoided [39] . Together with the controllable large-N expansion, as we shall see below, we are able to access the widely forbidden low-temperature regime, which is previously found to be mechanically unstable [30] . Furthermore, by extending the prescription (5) to the BCS side with a s < 0, we can recover the full upper branch [36] as first suggested by Pricoupenko and Castin [6] . The energy (a), compressibility and spin susceptibility (b) of a resonantly interacting Fermi gas in the repulsive regime, normalized by the corresponding results of an ideal, non-interacting Fermi gas at the same temperature. In (a), we also show the predictions from the virial expansion theory at high temperature, up to the second-or third-order expansion.
for arbitrary coupling strength k F a s > 0 and temperature T . For strong coupling at low temperature, the contribution ∆P becomes very significant and highly nonlinear. However, our calculations are still controllable with the choice of a large N . Typically, we solve the chemical potential µ self-consistently by using the number equation n = ∂P/∂µ for N = 50−100, where n = N k 3 F /(3π 2 ) is the number density. Then, we use the large-N expansion µ(N ) = µ 0 + µ 1 /N + o(1/N ) around the noninteracting chemical potential µ 0 to extract the first nontrivial correction µ 1 due to pair fluctuations. The final extrapolation to the N = 1 limit leads to µ = µ 0 + µ 1 . We also apply similar expansions to the total energy, inverse compressibility and inverse spin susceptibility. In the following, we present a summary of the results.
(A) Stoner ferromagnetism at T = 0. - Figure 2 reports the interaction parameter dependence of the energy and inverse spin susceptibility at T = 0. We find that at the weak coupling our large-N expansion results are consistent with the predictions from the second-order perturbation theory [40, 41] . However, there is an apparent deviation when the interaction parameter k F a s > 0.4. It is impressive that our results agree well with the latest QMC simulations that use different interaction potentials [20, 21] . In particular, for the inverse spin susceptibility, the agreement between the large-N expansion and the QMC data for hard-sphere potential is exceptionally good. Thus, we determine that at T = 0 there is a Stoner ferromagnetic transition occurring at (k F a s ) c ≃ 0.78, close to the QMC prediction [20] .
(B) Stoner instability of a unitary Fermi gas. results so far for a repulsive unitary Fermi gas. It is interesting that, with decreasing temperature down to (T F /T ) c ≃ 2/3 or T c ≃ 1.5T F , the spin susceptibility diverges (see Fig. 3(b) ), signifying the phase transition into a Stoner ferromagnetic state. It is worth noting that, in all the cases, including the zero temperature in (A) or the unitary limit in (B), the compressibility of the quasirepulsive Fermi gas predicted by our theory is always positive. The spin susceptibility is also always well-defined. Therefore, our approach greatly improves the earlier treatments of the quasirepulsive upper branch reported in Ref. [30] and Ref. [31] .
(C) Finite-temperature phase diagram. -We finally show in Fig. 4 our main result, the finite temperature phase diagram of the Stoner ferromagnetism. For comparison, we present also the prediction from the second order perturbation theory [11] . At low temperature, it predicts larger critical interaction parameter; while close to the unitary limit, it gives unrealistically high transition temperature due to the strong overestimate of repulsions (and therefore not shown in the figure) .
In the latest experiment of a quasirepulsive 6 Li Fermi gas at temperature T ∼ 0.3T F , it was found that the rapid decay into bound pairs prevents the study of equilibrium phases [8] . The decay rate can be theoretically estimated by studying the pair formation rate ∆, which is given by the imaginary part of the complex pole of the vertex function Γ(q, ω) at q = 0 [5] . At low temperature (T < 0.3T F ), one finds a large pair formation rate ∆ ∼ ε F in a wide range of the interaction parameter around k F a s = 2 [5] , consistent with the experi-mental observation of a rapid decay. However, at high temperature and at large interaction parameter (such as k F a s = 10 and T ∼ 1.5T F ), the pair formation rate becomes vanishingly small, ∆ ≪ ε F . We therefore suggest to search for Stoner ferromagnetism at large k F a s and at high temperature. In addition, a 6 Li-40 K Fermi mixture with a narrow resonance [9] or a 40 K Fermi gas in two-dimensions [10] , where stable repulsive polarons are observed, may be the ideal candidates for testing our large-N expansion theory and the prescription for the quasirepulsive upper branch. Finally, we anticipate that our prescription for the quasirepulsive upper branch can also be applied to Bose gases across a Feshbach resonance [ The concept of upper branch is well-defined for a twoparticle system, where the whole energy spectrum can be precisely solved [1] . For many-particle systems, however, an unambiguous definition of upper branch is yet to be established. Indeed, even for three fermions, the identification of the upper-branch energy levels turns out to be difficult [2] .
To our best knowledge, the quasi-repulsive upper branch of an interacting Fermi gas (at zero temperature) was first mentioned by Pricoupenko and Castin [2] , when they used a lowest order constraint variational approach to understand a strongly interacting Fermi gas at the BEC-BCS crossover. The upper branch prescription provided in this Letter is a useful extension of their idea. As a concrete example, in Fig. 5 we show the total energy of the upper branch and the ground-state branch at a finite temperature T = 3T F . For the upper branch, in the BEC limit the Fermi cloud has a weak repulsion and its energy approaches the ideal gas result as a s → 0 + . In the unitary limit with a divergent scattering length, the energy saturates to a finite value that depends on the temperature.
Large-N expansion
We adopt the large-N approach following the pioneering works by Nikolić et al. [3] and Veillette et al. [4] for an attractive Fermi gas at the BEC-BCS crossover. In Fig. 6 , we show the basic idea of the large-N approach by plotting the 1/N -dependence of the energy of an upper branch Fermi gas at two interaction strengths. At weak interactions (k F a s = 0.1), the dependence is essentially linear and the use of the leading 1/N term is reasonable. For strong interaction strengths (k F a s = 0.5), the dependence is highly non-linear, due to the unrealistic account of high-order pair fluctuations. In this case, it is physical to keep only the leading linear term of the order 1/N .
For a unitary Fermi gas near the quantum critical point µ = 0, the use of the large-N expansion approach was recently examined by Enss [5] , by comparing the results for the equation of state and the Tan's contact with more favorable theoretical predictions or the accurate experimental data [6] . In Fig. 7 , we provide a more systematic comparison in the non-degenerate regime with T > T F . The large-N expansion prediction for the total energy reasonably agrees with the recent experimental measurement by the MIT group [6] and with the second-order virial expansion result at sufficiently large temperatures [7] . 
Proof of the upper branch prescription from the viewpoint of virial expansion
At high temperature or small fugacity z = e βµ ≪ 1, the contribution of two-particle scattering process to the pressure can be expressed as [7] 
where λ dB = [2π/(mT )] 1/2 is the thermal de Broglie wavelength and b (2) n is the two-particle contribution to the n-th virial coefficient. At this two-particle level, we [6] , as well as the 2nd-order virial expansion prediction (empty squares) [7] . The dot-dashed line is the energy of an ideal, non-interacting Fermi gas.
know how to separate the bound-state and scatteringstate contributions for any n-th order pressure P
n . Then by resumming only the scattering-state contributions to all orders in the fugacity z, we may obtain a compact formulation of the upper branch.
On the other hand, it is known that the two-particle contributions P (2) n (n ≥ 2) can be conveniently calculated by using the field theoretic method [7] , which gives rise to the following pressure given by Noziéres and SchmittRink (NSR),
where b(ω) = 1/(e βω − 1) is the Bose distribution and δ(q, ω) is the in-medium two-body phase shift given by
Here the vertex function Γ(iν l , q) reads
where γ(k, q) is the same as defined in the text.
Next we consider the virial expansion of the NSR pressure. To this end, we put the dependence on the chemical potential µ into the distribution functions by using a new variable
Then we obtain
Here the phase shift δ(E, q) in terms of E can be expressed as
where the functions A and B are given by
For E > 0, v.p. stands for the principal value. The distribution functions can be expanded as
and
Accordingly, the phase shift δ(E, q) can be expanded as
where δ 2B (E) is the two-body phase shift in the vacuum,
For the BEC side with a s > 0, we have
where
) is the bound state energy level. The π-jump at E = ε B shows clearly the existence of a bound state. For the BCS side with a s < 0, we have simply δ 2B (E) = − arctan(a s √ mE). In the following we consider the BEC side a s > 0. According to the expansion (A11) of the phase shift δ(E, q), we can divide the NSR pressure into four contributions.
(A) The first two contributions come from the leadingorder expansion of the phase shift. Keeping only the vacuum two-body phase shift δ 2B (E), we obtain
The relative two-body motion and the center-of-mass motion are decoupled because δ 2B (E) depends only on E.
We can separate the two-body phase shift into its boundstate part δ b (E) and scattering-state part δ s (E). We have δ 2B (E) = δ b (E) + δ s (E), where
Accordingly, the pressure P
2B can be divided into its bound-state contribution P (2) b and its scattering-state contribution P (2) s . We have P (2)
s , where
Notice that these two contributions are not simply separated by E < 0 and E > 0. Completing the integrals over q and E, we obtain
Here δ(k) = − arctan(ka s ) is now the usual scattering phase shift without bound state. It becomes evident that P correspond to the bound-state and scattering-state contributions, respectively. For n = 1, they recover the well-known Beth-Uhlenbeck formula of the second virial coefficient.
(B) The other two contributions come from the higherorder expansions of the phase shift which show explicitly the medium effect. These contributions can be called medium corrections and can be expressed as
We notice that the relative two-body motion and the center-of-mass motion cannot be separated for these contributions. To obtain the expansion coefficients φ n (E, q), we need to evaluate the expansions for A(E, q) and B(E, q). We thus consider two regions of E: E < 0 and E > 0. We shall see that the bound-state and scatteringstate contributions are separated by these two regions.
(1) E < 0. In this region we have B(E, q) = 0. The real part A(E, q) can be expressed as
where the expansion coefficients read
In this region, the medium effect (z ≪ 1) induces a shift of the bound state pole. Therefore, we have formally
where δ (ν) (x) is the ν-th derivative of the Dirac delta function. The expression of ϕ ν l (ε B , q) is rather complicated and is not shown here. From this formal expression, the medium correction to the pressure in the region E < 0 can be expressed as
The integral over E can be completed and finally P (2) mb can be formally expressed as
where H nl (ε B ) is a rather complicated function of ε B (and also T ) and will not be shown here.
(2) E > 0. In this region we have
The expansion coefficients φ l (E, q) can be worked out but rather lengthy. Formally, it can be expressed as
where we have set E = k 2 /m and δ(k) = − arctan(ka s ) is again the usual scattering phase shift without bound state. The function η ν l (k, q) is also rather lengthy and will not be shown here. Then the medium correction to the pressure in the scattering continuum E > 0 can be expressed as
From the above discussions, we find that the pure two-body contributions P (2) b and P (2) s cannot be simply distinguished by the scattering threshold (E < 0 and E > 0). They are given by the separation of the phase shift in Eq. (A15). On the other hand, the medium corrections P (2) mb and P (2) ms are separated by the scattering threshold. We therefore identify P (2) b and P (2) mb as the contributions from the bound state and P (2) s and P (2) ms as the contributions from the scattering continuum. Summing only the contributions from the scattering continuum, we obtain the pressure of the quasirepulsive upper branch,
This result can be finally rewritten in a compact form by using the fact that
where ω s (q) = q 2 /(4m) − 2µ is the scattering threshold as defined in the text. We finally obtain
Converting to the variable ω, we obtain
This result can be reexpressed in terms of the phase shift δ rep for the upper branch,
Therefore, we have shown that, by resumming the twoparticle virial contributions from the scattering state to The results are consistent with those reported in [30] .
all orders in the fugacity z, we obtain precisely the formulation of the quasirepulsive upper branch as used in the text. The above discussions are based on the assumption of a small fugacity z ≪ 1. However, it is natural to generalize Eq. (A33) to the low temperature region since we have resummed the two-body virial contributions from the scattering continuum to infinite order in the fugacity z. Moreover, we expect that it can also be generalized to the BCS side with a s < 0. As we have shown previously, with the prescription (A33), we can recover the picture of the full upper branch as first mentioned by Pricoupenko and Castin [2] .
Comparison with the excluded-molecular-pole approximation
In an earlier work [8] , Shenoy and Ho proposed a different prescription, the so-called excluded-molecularpole approximation (EMPA), for the quasirepulsive upper branch of a strongly interacting Fermi gas. An important feature of the EMPA is that it predicts an equilibrium branch-switching phenomenon: The energy of the upper branch reaches a maximum when approaching the resonance from the BEC side and then changes continuously into the lower branch at the BCS side. Here we shall compare the EMPA with our approach.
A key point of the EMPA is that it starts from the number equation. In the EMPA, the number density due to two-body interaction is given by 
where the phase shift is defined as δ(q, ω) = −Imln [A(q, ω) + iB(q, ω)] .
The functions A and B are given in Eq. (A8). We notice that the ambiguity of the phase shift δ(q, ω) is avoided in the above number equation, since it contains only the derivative of the phase shift with respect to the chemical potential. In practice, they use the function atan2(y, x) [9, 10] to evaluate the phase shift and its derivative. Then the two-body contribution to the pressure can be obtained by using the integration method, P
rep (T, µ) =ˆµ
rep (T, µ ′ ).
To compare the EMPA with our prescription, it is convenient to convert it to an alternative form which starts from the pressure. To this end, we first define a simple phase function δ 1 (q, ω) = − arctan B(q, ω) A(q, ω) .
Here arctan(x) is the usual inverse tangent function with a range (−π/2, π/2). We have 
The corresponding pressure can be expressed as P
rep (T, µ) = qˆ∞ ωs(q) dω π b(ω)δ 1 (q, ω).
The proof of the above result is easy. By taking the derivative of the above pressure with respect to µ and using the property of the phase δ 1 (q, ω = ω s (q)) = 0, we obtain the number equation (A40) and hence (A35). Therefore, the EMPA is equivalent to a scheme starting from the pressure (A41) with a simple phase shift given by (A38). This conclusion can also be confirmed numerically. In Fig. 8 , we show the results of the energy, spin susceptibility, and the compressibility calculated by starting from the pressure (A41). They are consistent with the results reported in [8] .
In our prescription, the two-body contribution to the pressure is given by
